A new variational perturbation theory is developed based on the q−deformed oscillator. It is shown that the new variational perturbation method provides 200 and 10 times better accuracy for the ground state energy of anharmonic oscillator than the Gaussian and the post Gaussian approximation, respectively, for weak coupling.
amalgamated toĤ G by this process, which makes the correction term, V I , to be an order of ξ G (defined below) smaller than the Gaussian Hamiltonian. The V I term may be written as in Ref. [6] as
where ξ G = 3λ 2Ω 3 G < 1 for any value of λ due to the variational gap equation, 1 − ξ G = ω 2 Ω 2
G
. In this sense, the Gaussian HamiltonianĤ G describes a truncated form ofĤ up to O(ξ 0 G ). The final step in the variational perturbation theory is to apply the conventional perturbation method to the Hamiltonian (2) by using the complete set of states, {|n G }. In an operator method, the so called Liouville-von Neumann approach, this is achieved by defining the 1 st order annihilation operator,Â (1) =Â G + ξ GB , so that the HamiltonianĤ can be factorized asĤ = Ω 2 Â † (1)Â (1) +Â (1)Â †
(1) , up to the first order in ξ G [6] . It was shown that these operators satisfy the (real) q−deformed algebra [11] with deformation parameter, q 2 = 1 + ξ G /2. This algebra leads to another Fock space determined by the 1 st order creation operator,Â †
(1) , which defines the 1 st order states |n (1) .
The fact that the first order perturbative correction to the Gaussian approximation is described by the q−deformed oscillator indicates that one may establish a better variational perturbation theory by using the q−deformed oscillator as the basis for the variational method. To develop the variational perturbation method based on the q−deformed oscillator, we start by separating the Hamiltonian (1) into the q−deformed part,Ĥ q , and the perturbation term, V ′ I :
where
is the Hamiltonian of the q−deformed oscillator [11] , withâ q andâ † q satisfying the algebra,
where we use this specific form of q−algebra, since this is satisfied with the perturbative anharmonic oscillator [6] . The q−ground state is defined byâ
and the q−excited states can be generated by successively actingâ † q to the ground state (10) . For calculational simplicity, we introduce dimensionless operatorĤ n m of order O( 0 ):
Similar operators are defined in Ref. [15] . The explicit expression forâ q , which satisfies the algebra (9) and make the Hamiltonian (8) to be (33) is obtained to O(ǫ 2 ) in Appendix A,
After inverting the expression forâ q to getĤ 0 1 as a function ofâ q andâ † q , and taking the expectation value with respect to the q−ground state (10), we obtain
Note that we have introduced two variational parametersΩ and ǫ. To establish the variational perturbation theory based on the q−Hamiltonian, we need to express the q−Hamiltonian (8) in terms of the phase space variables,x and p. By demanding that the q−Hamiltonian is frictionless (nopx +xp term), the q−Hamiltonian may be written as,
The parameters in (8) and (14) are determined in the appendix A and g 3 = − 23 45 . Note that, unlike the case of the variational perturbation theory based on the Gaussian approximation, the q−HamiltonianĤ q is not expressed in a closed form in the phase space, but is written as a series in ǫ. Since we are to compute up to the 1 st order correction to the variational result, it is enough to writeĤ q up to O(ǫ 2 ) as in Eq. (14).
The HamiltonianĤ of Eq. (1) is then written as,Ĥ =Ĥ q + V ′ I , up to O(ǫ 2 ), where
. Taking expectation value of (7) with respect to the q−ground state (10), the energy expectation value of the anharmonic oscillator becomes
The variational minimization of the energy expectation value (16), with respect to Ω q and ǫ, leads to the gap equations,
where ξ 0 = 3λ 2ω 3 . The gap equations relate ξ to ǫ as,
By using Eq. (17), the ground state energy of the anharmonic oscillator becomes
where ξ(ξ 0 ) and ǫ(ξ 0 ) are determined by the gap equations (17). We present the values of ǫ, ξ, and E 0 for several values of the coupling, ξ 0 , in Table I . As can be seen in this table, the maximal error of the present approximation is less than 0.8%. Moreover, the accuracy is 200 times and 10 times better than the Gaussian and the post (including the 2 nd order perturbative corrections) Gaussian approximations [5] , respectively, for weak coupling. The maximum value of the dimensionless expansion parameter, ǫ ≃ 0.1717, is attained as ξ 0 → ∞, which is distinguishably small compared to the Gaussian expansion parameter, ξ G = 1, at the same limit. This clearly shows that the present method provides better nonperturbative information than the Gaussian approximation and 2 nd order variational perturbation results based on the Gaussian approximation.
To complete the 1 st order perturbative corrections to the variational result, we need to construct the 1 st order creation and annihilation operators which are correct to O(ǫ 2 ). To do this we need to express the Hamiltonian (7) as 
Note that g i (ǫ)'s are of O (1), and thus this shows the fact that V ′ I is order of ǫ smaller thanĤ q . The Hamiltonian is then written as,
We now want to write this Hamiltonian as a generalized deformed oscillator:
[â (1) ,â †
where the algebra defines the deformation function,
, correction to the annihilation operator would be of order ǫ 2 , and thus,â (1) can be written aŝ
For this operator to satisfy the algebra (22), the following relations should hold for the coefficients in Eq. (23):
which give, to O(ǫ 2 ),
To obtain the 1 st order correction to O(ǫ 2 ), we may set Ω q /Ω → 1 in Eq. (24), since all the coefficients of Ω q /Ω have factors of order O(ǫ 2 ). The 1 st order ground state is then defined bŷ 
In contrast to the ground state energy that shows a slight improvement for large ξ 0 , the energies of the excited states receive considerable improvements compared to those in the Gaussian and the post Gaussian approximation, since the expansion parameter ǫ is smaller than that of the Gaussian approximation. The higher order corrections can be obtained similarly as in the above procedure. To obtain the 2 nd order correction, for example, we need to write the Hamiltonian (21) up to O(ǫ 3 ), and to express it as a function ofâ (1) andâ † (1) . We then write the Hamiltonian in a factorized form,
The fact that the first order perturbative result can be expressed as a generalized deformed oscillator, Eq. (22), also provides us with a possibility of establishing a new variational perturbation theory based on the generalized deformed oscillator (22).
One of the main advantage for using the algebraic approach is that it enables one to define the thermal state and coherent state easily. For example, the coherent state can be written as the state |α , a(t)|α = |α α.
The construction of the state |α from the number states can be achieved from the usual method of the q−oscillator [16] . It would be interesting to apply the present method to general quantum mechanical systems. For example, the realization of su q (2) by q−boson can be used as a basis of a perturbation theory for systems with spherical symmetric potential. More interesting would be to generalize the present method to quantum field theory by expanding the quantum fields in Fourier modes where each mode acts as a generalized deformed oscillator. 
